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Birkhoff Gustavson , Hamilton
3 [1]. , 2 Hamilton
. $U$ $R^{2}\cross R^{2}\cong R^{4}$ , $(q, p)(q, p\in R^{2})$
, $U\subset R^{2}\cross R^{2}$ . , $U$ , $\sum_{j1}^{2_{=^{dp}}}j^{\wedge dq}j$
. $U$ $C^{\infty}$ Hamiltonian Hamilton , $(0,0)\in U$
. , $R^{2}\cross R^{2}(\supset U)$
, $(q, p)arrow(x, y)$ , Hamiltonian
$H(x, y)= \sum_{k=1}^{\infty}H_{k}(x, y)$ , (1)
$H_{2}(x, y)=^{\frac{1}{2}}(y_{1}^{2}+x_{1}^{2})+ \frac{\Omega}{2}(y_{2}^{2}+x_{2}^{2})$ $(\omega:iE_{\acute{iE}}\mathfrak{B}X)$ , (2)
$H_{k}(x, y)$ : $(x, y)$ $k$ $(k=3,4, \cdots)$ (3)
4. (2) $\omega$ ,
$(x, y)arrow(\xi, \eta)$ , $H(x, y)$ $(\xi, \eta)$ ,
$\mathcal{N}^{B}(\xi, \eta)=\sum_{k=2}^{r}\mathcal{N}_{k}^{B}(\xi, \eta)+o_{r}(\xi, \eta)$ , (4)
$\mathcal{N}_{2}^{B}(\xi, \eta)=^{\frac{1}{2}}(\eta_{1}^{2}+\xi_{1}^{2})+\frac{\Omega}{2}(\eta_{2}^{2}+\xi_{2}^{2})$ , (5)
$\mathcal{N}_{k}^{B}(\xi, \eta)$ : $(\xi, \eta)$ $k$ $(k=3, \cdots, r)$ , (6)
$\{\mathcal{N}_{k}^{B},$ $\mathcal{N}_{2}^{B}\}=0$ $(k=3,$ $\cdots,$ $r)$ (7)
1 , (2009 12 21 B-22 )
.
2 041-8655 116-2
3 ( ) .
4 $0$ , .
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[1, 2]. , $r$ 3 , $o_{r}(\xi, \eta)$
$r+1$ . , $\{\cdot,$ $\cdot\}$
$\{F_{1}, F_{2}\}=\sum_{j=1}^{2}(\frac{\partial F_{1}}{\partial\xi_{j}}\frac{\partial F_{2}}{\partial\eta_{j}}-\frac{\partial F_{1}}{\partial\eta_{j}}\frac{\partial F_{2}}{\partial\xi_{j}}I$ (8)
$(\xi, \eta)$ Poisson . $\mathcal{N}^{B}(\xi, \eta)$ r
Birkhoff , Birkhoff [2].
Birkhoff , ,
$\Omega$ , $\Omega$ Gustavson
[3]. , (2) $\Omega$ ,
$(x, y)arrow(\xi, \eta)$ , $H(x, y)$ $(\xi, \eta)$ ,
$\mathcal{N}^{G}(\xi, \eta)=\sum_{k=2}^{r}\mathcal{N}_{k}^{G}(\xi, \eta)+o_{r}(\xi, \eta)$ , (9)
$\mathcal{N}_{2}^{G}(\xi, \eta)=\frac{1}{2}(\eta_{1}^{2}+\xi_{1}^{2})+\frac{\Omega}{2}(\eta_{2}^{2}+\xi_{2}^{2})$ , (10)
$\mathcal{N}_{k_{\ovalbox{\tt\small REJECT}}}^{G}(\xi, \eta)$ : $(\xi, \eta)$ $k$ $(k=3, \cdots, r)$ , (11)
$\{\mathcal{N}_{k}^{G},$ $\mathcal{N}_{2}^{G}\}=0$ $(k=3, \cdots, r)$ (12)
[1, 3]. $r$ $o_{r}(\xi, \eta)$ , Birkhoff .
, $\{\cdot,$ $\cdot\}$ (8) . , $\lceil_{r}$ Gustavson
. Birkhoff (4) $-(7)$ , Gustavson (9)$-(12)$
, $(B$ $G$ $)$ .
, 3 , $\Omega$ , Poisson $((7),$ (12) $)$
.
, Birkhoff Gustavson 2 Hamilton
5 . , Hamilton Hamiltonian
(1)$-(3)$ $\Omega$ , . ,
, $\Omega$ , , Hamiltonian
$H(x, y)$ , Birkhoff Gustavson .
, Birkhoff Gustavson
. ,




2 , ( )
? , ? . ,
Josephson [4] , ( )










Josephson , Josephson 4 ,
.
, Yukon [4] [5] Josephson Hamilton
.
2. 1 Josephson
1 , 2 Josephson





1 2 $I$ . Josephson
[6, 7]. $i(i=1,2)$ $\theta_{j}$ ,
$\theta$ .
$\theta=\theta_{2}-\theta_{1}$ (13)
. Josephson 1 2 $I$ , $\theta$
$I(\theta)=I_{C}\sin\theta$ (14)
. $I_{C}$ . $\theta$ $\Phi$





$\theta$ , 2 Josephson
. $\tilde{I}$ , Kirchhoff
2:Josephson
$\tilde{I}=C\frac{dV}{dt}+I(\theta)=C\frac{dV}{dt}+I_{C}\sin\theta$ (17)
(16) , $\theta$ 2
$\frac{1}{C}\frac{d^{2}\theta}{dt^{2}}+(\frac{2e}{\hslash})I_{C}\sin\theta=0$ (18)
. , . $p_{\theta}$
$p_{\theta}= \frac{1}{C}(\frac{h}{2e})\frac{d\theta}{dt}$ (19)
, Hamiltonian $\mathcal{J}(\theta, p_{\theta})$
$\mathcal{J}(\theta,p_{\theta})=\frac{1}{2}C(\frac{h}{2e})^{-2}p_{\theta}^{2}-(\frac{h}{2e}$ $I_{C}\cos\theta$ (20)
, (18)
$\frac{d\theta}{dt}=\frac{\partial \mathcal{J}}{\partial p_{\theta}}=C(\frac{\hslash}{2e})^{-2}P\theta$, $\frac{dp_{\theta}}{dt}=-\frac{\partial \mathcal{J}}{\partial\theta}=-(\frac{h}{2e})I_{C}\sin\theta$ (21)
, Yukon [4] Hamilton .
2.2 Josephson
Josephson 4 3 , Yukon [4] Josephson
(JJQ ) . , JJQ




. , $\theta=(\theta_{1}, \theta_{2}, \theta_{3}, \theta_{4})^{T}$ , 4 $J_{k}(k=1,2,3,4)$
, $p_{\theta}=(p_{\theta,1}, p_{\theta,2},p_{\theta,3}, p_{\theta,4})^{T}$ , $\theta$ . $C_{k}$ $|$
$J_{k}$ $(k=1,2,3,4)$ .
$\Phi_{a,1}$ , $\Phi_{a,2}$ , $\theta_{k}(k=1,2,3,4)$
, (15) Josephson $J_{k}(k=1,2,3,4)$
$\theta_{1}-\theta_{2}-\theta_{3}=(\frac{\hslash}{2e})^{-1}\Phi_{a,1}$ , $- \theta_{1}+\theta_{2}+\theta_{4}=(\frac{\hslash}{2e})^{-1}\Phi_{a,2}$ (23)
. $\Phi_{a,1}$ $\Phi_{a_{2}2}$ , (23) ,
$p_{\theta,1}-p_{\theta,2}-p_{\theta,3}=0$, $-p_{\theta,1}+p_{\theta,2}+p_{\theta,4}=0$ (24)
. (23) (24) , 4 $(\psi, p_{\psi})$
$\psi_{1}=\frac{1}{2}(\theta_{1}+\theta_{2})$ , $\psi_{2}=\frac{1}{2}(\theta_{1}-\theta_{2})$ , $p_{\psi,1}= \frac{1}{2}(p_{\theta,1}+p_{\theta,2})$ , $p_{\psi,2}= \frac{1}{2}(p_{\theta,1}-p_{\theta,2})$ (25)
, JJQ
$\tilde{\mathcal{H}}(\psi, p_{\psi})$ $=$ $\frac{1}{2}[(\tilde{C}_{1}+\tilde{C}_{2})p_{\psi,1}^{2}+(\tilde{C}_{1}+\tilde{C}_{2}+4\tilde{C}_{3}+4\tilde{C}_{4})p_{\psi,2}^{2}]$
$-\tilde{I}_{1}\cos(\psi_{1}+\psi_{2})-\tilde{I}_{2}\cos(\psi_{1}-\psi_{2})$ (26)
$-\tilde{I}_{3}\cos(2\psi_{2}-\tilde{\Phi}_{a,1})-\tilde{I}_{4}\cos(2\psi_{1}+\tilde{\Phi}_{a,2})$
Hamiltonian 2 Hamilton . ,
$\tilde{C}_{k}=(\frac{\hslash}{2e})^{-2}C_{k}$ , $\tilde{I}_{k}=(\frac{h}{2e})I_{k}$ $(k=1,2,3,4)$ (27)
$\tilde{\Phi}_{a,j}=(\frac{\hslash}{2e})^{-1}\Phi_{a,j}$ $(j=1,2)$ (28)
.
$JJQ$ Hamiltonian 4 . JJQ
$-\tilde{I}_{3}\sin\tilde{\Phi}_{a,1}+\tilde{I}_{4}\sin\tilde{\Phi}_{a,2}=0$ (29)
82
, $(\psi, p_{\psi})=(0,0)$ JJQ . (29) ,
$\tilde{I}_{1}=\tilde{I}_{2}$ (30)
, $(\psi, p_{\psi})arrow(x, y)$
$x_{j}=\omega_{j}\psi_{j}$ , $y_{j}=\omega_{j}^{-1}p_{\psi,j}$ $(j=1,2)$ (31)
$\omega_{1}=(\frac{\tilde{I}_{1}+\tilde{I}_{2}}{\tilde{C}_{1}+\tilde{C}_{2}})^{1/4}$ , $\omega_{2}=(\frac{\tilde{I}_{1}+\tilde{I}_{2}+4\tilde{I}_{3}\cos\tilde{\Phi}_{a,1}+4\tilde{I}_{4}\cos\tilde{\Phi}_{a,2}}{\tilde{C}_{1}+\tilde{C}_{2}+4\tilde{C}_{3}+4\tilde{C}_{4}}I$ (32)
, $\tilde{\mathcal{H}}(\psi,$ $p\psi)$
$H(x, y)+o_{4}(x, y)= \frac{1}{(\tilde{C}_{1}+\tilde{C}_{2})^{1/2}(\tilde{I}_{1}+\tilde{I}_{2})^{1/2}}\tilde{\mathcal{H}}(\psi, p_{\psi})$ (33)
, 4 Hamiltonian H$(x, y)$ ,
$H(x, y)= \frac{1}{2}(y_{1}^{2}+x_{1}^{2})+\frac{\Omega}{2}(y_{2}^{2}+x_{2}^{2})+f_{1}x_{1}^{4}+f_{2}x_{1}^{2}x_{2}^{2}+f_{3}x_{2}^{4}$ (34)
. $\Omega,$ $fi,$ $f_{2},$ $f_{3}$ , JJQ
$\Omega=(\frac{\omega_{2}}{\omega_{1}})^{2}\frac{\tilde{C}_{1}+\tilde{C}_{2}+4\tilde{C}_{3}+4\tilde{C}_{4}}{\tilde{C}_{1}+\tilde{C}_{2}}$ , (35)




. (34) JJQ 4 Hamiltonian ,
(1)$-(3)$ $(r=4)$ . $\Omega=1$ 1:1 ,
[5] Hamiltonian . $\Omega$ ,
Birkhoff Gustavson .
21 [5] (23), (25), (26) Yukon [4]
. , [5] 1:1 (26)
.
\S 3 JJQ




( , [1] ),
, Hainiltonian 6[8, 9].
, Birkhoff Gustavson
. , Poisson (7) (12)
. Poisson (8) , Poisson (7) (12) ,
$d$
$\{\mathcal{N}_{k}^{s}, \mathcal{N}_{2}^{s}\}=\overline{dt}t=0\mathcal{N}_{k}^{s}(e^{-it}\zeta_{1}, e^{-i\Omega t}\zeta_{2})=0$ $(s=B, G, k=3, \cdots, r)$ (39)
. , $\zeta=(\zeta_{1}, \zeta_{2})$ ,
$\zeta_{j}=\xi_{j}+i\eta_{j}$ $(j=1,2)$ (40)
. (39) , Poisson (7) (12) $k$
$V_{k}^{s}(s=B, G)$ , . $\Omega$ , $\Omega$
$V_{k}^{B}=$ span $\{\zeta_{1}^{\alpha_{1}}\zeta_{2}^{\alpha_{2}}\overline{\zeta}_{1}^{\beta_{1}}\overline{\zeta}_{2}^{\beta_{2}}|\alpha_{j}=\beta_{j}(j=1,2)\}$ (41)
. , $\Omega$ , $\mu_{1},$ $\mu_{2}$
$\Omega=\frac{\mu_{2}}{\mu_{1}}$ (42)
, $\Omega$
$V_{k}^{G}(\Omega)=$ span $\{\zeta_{1}^{\alpha_{1}}\zeta_{2}^{\alpha_{2}}\overline{\zeta}_{1}^{\beta_{1}}\overline{\zeta}_{2}^{\beta_{2}}|\sum_{j=1}^{2}(\alpha_{j}+\beta_{j})=k,\sum_{j=1}^{2}\mu_{j}(\alpha_{j}-\beta_{j})=0\}$ (43)
. $V_{2\ell+1}^{B}=\emptyset(\ell=1,2, \cdots)$ , $V_{k}^{B}\subseteq V_{k}^{G}(\Omega)(k=3,4,$ $\cdots)$ .
4 , .
3.1 $\Omega$ , .
$V_{3}^{G}(\Omega)=\{\begin{array}{ll}\emptyset (\Omega\neq 1/2,2),spanspan\mathfrak{l}_{\zeta_{12}^{\frac{\sim\zeta}{\zeta}2}’}^{\zeta_{12}},\zeta_{21}^{\overline{\frac{\zeta}{\zeta}}2\{}\zeta_{21}^{2} (\Omega=(\Omega=1/2)2),’\end{array}$ (44)
$V_{4}^{G}(\Omega)=\{\begin{array}{l}V_{4}^{B}= span \{\zeta_{1}^{2^{I}}\zeta_{1}, \zeta_{1}\zeta_{2}\overline{\zeta}_{1}\overline{\zeta}_{2}, \zeta_{2}^{2}\overline{\zeta}_{2}^{2}\}(\Omega\neq 1/3,1,3),V_{4}^{B}\oplus span\{\zeta_{1}^{2}\overline{\zeta}_{1}^{2}, \zeta_{1}^{2}\overline{\zeta}_{1}\overline{\zeta}_{2}, \zeta_{1}^{2}\overline{\zeta}_{2}^{2},\zeta_{1}\zeta_{2}\overline{\zeta}_{1}^{2}, \zeta_{1}\zeta_{2}\overline{\zeta}_{2}^{2}, \zeta_{2}^{2}\overline{\zeta}_{1}^{2}, \zeta_{2}^{2}\overline{\zeta}_{1}\overline{\zeta}_{2}\}(\Omega=1),V_{4}^{B}\oplus span \{\zeta_{1}^{3}\overline{\zeta}_{2}, \zeta_{2}\overline{\zeta}_{1}^{3}\} (\Omega=1/3),V_{4}^{B}\oplus span\{\zeta_{1}\overline{\zeta}_{2}^{3}, \zeta_{2}^{3}\overline{\zeta}_{1}\} (\Omega=3).\end{array}$ (45)
6 BG $[$8, 9 $]$ , .
84
3.1 , $\Omega=1$ 4 , $\Omega=1$
Gustavson Birkhoff .
.
3.2 (34)$-(38)$ JJQ 4 Hamiltonian H$(x, y)$ $\mathcal{N}^{s}(\xi, \eta)$
$(s=B, G)$ 4 $\tilde{\mathcal{N}}^{s}(\xi, \eta)(s=B, G)$ , $\Omega$ 1
, .
$\tilde{\mathcal{N}}^{B}(\xi, \eta)$ $=$ $\frac{1}{2}\zeta_{1}\overline{\zeta}_{1}+\frac{\Omega}{2}\zeta_{2}\overline{\zeta}_{2}+\frac{3}{8}f_{1}\zeta_{1}^{2}\overline{\zeta}_{1}^{2}+\frac{1}{4}f_{2}\zeta_{1}\zeta_{2}\overline{\zeta}_{1}\overline{\zeta}_{2}+\frac{3}{8}f_{3}\zeta_{2}^{2}\overline{\zeta}_{2}^{2}$ ( $\Omega$ : ), (46)
$\tilde{\mathcal{N}}^{G}(\xi, \eta)$ $=$ $\tilde{\mathcal{N}}^{B}(\xi, \eta)$ $(\Omega\neq 1$ : $)$ , (47)
$\tilde{\mathcal{N}}^{G}(\xi, \eta)$ $=$ $\tilde{\mathcal{N}}^{B}(\xi, \eta)+\frac{1}{16}f_{2}\zeta_{1}^{2}\overline{\zeta}_{2}^{2}+\frac{1}{16}f_{2}\zeta_{2}^{2}\overline{\zeta}_{1}^{2}$ $(\Omega=1)$ . (48)
, $f_{\ell}(\ell=1,2,3)$ (36) $-(38)$ , $\zeta_{j}(i=1,2)$ (40)
.
32 , JJQ $\Omega=1$ , $\Omega=1$
4 .
32
4 Hamiltonian Hamilton 4 . 1
, 4 1 $\mathcal{N}_{2}^{s}(s=B, G)$ .
, 4 Liouville-Arnold . ,
, .
, Hamiltonian . ,
, Hamilton
[1, 10]. , 1 $\mathcal{N}_{2}^{s}(s=B, G)$
$M_{\Omega,J}^{s}= \{\zeta\in C^{2}|\frac{1}{2}\zeta_{1}\overline{\zeta}_{1}+\frac{\Omega}{2}\zeta_{2}\overline{\zeta}_{2}=J\}$ $(J>0, s=B, G)$ (49)
, ,
. .
3.3 (34) , JJQ 4 Hamiltonian H$(x, y)$ $\Omega$
1 1 . , 4 Birkhoff Gustavson
, $M_{\Omega}^{s}(J)$
$(s=B, G)$ , 2 .
$\mathcal{O}_{\Omega,J}^{(1)}=\{\zeta\in D|\zeta_{1}=\sqrt 2Je^{it}-,$ $\zeta_{2}=0(t\in R)\}$ $(J>0)$ , (50)
$\mathcal{O}_{\Omega,J}^{(2)}=\{\zeta\in D|\zeta_{1}=0,$
$\zeta_{2}=\sqrt{}\overline{2J/\Omega}e^{it},$ $(t\in R)\}$ $(J>0)$ . (51)
, Birkhoff ( Gustavson Birkhoff
) , .
, 32 , $\Omega=1$ 4 Gustavson , $\Omega\neq 1$ 4
85
. ,
, $\Omega\neq 1$ .
$3.4^{7}$ (34) , JJQ 4 Hamiltonian H$(x, y)$ $\Omega$
1 . , 4 Gustavson
, $M_{\Omega}^{s}(J)(s=G)$ 2
, (50) (51) 2 .
$M_{\Omega}^{s}(J)$ , $\Omega=1$
.
3.5 JJQ 4 , Hamiltonian $\mathcal{N}^{s}(s=B, G)$ 1
$\mathcal{N}_{2}^{s}(s=B,$ $G)$
$L_{\Omega,E,J}^{s}==\{\zeta\in C^{2}|\mathcal{N}^{s}=E,$ $\mathcal{N}_{2}^{s}=J\}$ $(J>0, s=B, G)$ (52)
, $E$ .




, Josephson $(JJQ)$ , Birkhoff
Gustavson 4 .
$\Omega$ 1 , $\Omega=1$ (1 :1 ) . $\Omega=1$
Hamiltonian ,
. , Hamiltonian ,
,










7 $[$5 $]$ 3.2 , ( )
.
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